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Abstract 

Let R be a ring with a set of local units, and a homomorphism of groups : Q — > 
Pic(i?) to the Picard group of R. We study under which conditions is determined 
by a factor map, and, henceforth, it defines a generalized crossed product with a same 
set of local units. Given a ring extension R C S with the same set of local units and 
assuming that is induced by a homomorphism of groups Q — > lnvn(S) to the group of 
all invertible i?-sub-bimodules of S, then we construct an analogue of the Chase- Harrison- 
Rosenberg seven terms exact sequence of groups attached to the triple (R C S, 0), which 
involves the first, the second and the third cohomology groups of Q with coefficients in 
the group of all i?-bilinear automorphisms of R. Our approach generalizes the works by 
Kanzaki and Miyashita in the unital case. 

Introduction 

For a Galois extension R/k. of commutative rings with identity and finite Galois group G, 
Chase, Harrison and Rosenberg, gave in [5j Corollary 5.5] (see also [6]) the following seven 
terms exact sequence of groups 

1 -> H l (G,U{R)) -> Pick(k) -> Pic fi (i?) G -> H 2 (G,U(R)) -> B(R/k) 

-> H\G,Pic R {R)) -> H 3 (G,U(R)), 

where for a ring A with identity, P'ica(A) = {[P] € Pic(A)| ap = pa,Va € A,p € P} is a 
subgroup of the Picard group Pic(A), and IA{A) the group of units. The group B(R/k) is the 
Brauer group of Azumaya Ik-algebras split by R, and the other terms are the usual cohomology 
groups of G with coefficients in abelian groups. As one can realize, the case of finite Galois 
extension of fields reduces to fundamental theorems in Galois cohomology of fields extensions, 
namely, the Hilbert's 90 Theorem, and the isomorphism of the Brauer group of a field with 
the second cohomology group. 
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The construction of this sequence of groups, as was given in [5J |6], is ultimately based 
on the consideration of a certain spectral sequence already introduced by Grothendieck, and 
the generalized Amitsur cohomology. The same sequence was also constructed after that by 
Kanzaki |13[ Theorem, p. 187], using only elementary methods that employ the novel notion of 
generalized crossed products. This notion has been the key success which allowed Miyashita 
to extend in |15[ Theorem 2.12] the above framework to the context of a noncommutative 
unital ring extension R C S with a homomorphism of groups to the group of all invertible 
sub-i?-bimodules of S. In this setting the seven terms exact sequence takes of course a slightly 
different form, although the first, the fourth and the last terms remain the cohomology groups 
of the acting group with coefficients in the group of units of the base ring. The commutative 
Galois case is then recovered by first considering a tower k C R C S, where k C R is a finite 
Galois extension and S is a fixed crossed product constructed from the Galois group; secondly 
by considering the homomorphism of groups which sends any element in the Galois group to 
it corresponding homogeneous component of S (components which belong to the group of all 
invertible sub- i?- bimodules of S). 

In this paper we construct an analogue of the above seven terms exact sequence in the 
context of rings with local units (see the definition below) . The most common class of examples 
are the rings with enough orthogonal idempotents or Gabriel's rings which are defined from 
small additive categories. It is noteworthy that up to our knowledge there is no satisfactory 
notion in the literature of morphism of rings with local units that could be, for instance, 
extracted from a given additive functor between additive small categories. Here we restrict 
ourselves to the naive case of extensions of the form R C S which have the same set of local 
units. This at least includes the situation where two small additive categories have the same 
set of objects and differ only in the size of the sets of morphisms, as it frequently happens in 
the theory of localization in abelian categories. Our methods are inspired from Miyashita's 
work [15] and use the results of our earlier work [9]. The present paper is in fact a continuation 
of [9]. It is worth noticing that, although the steps for constructing the seven terms sequence 
in our context are slightly parallel to |15j . this construction is not an easy task since it has its 
own challenges and difficulties. 

The paper is organized as follows. In Section [1] we give some preliminary results on 
similar and invertible unital bimodules. Most of results on similar unital bimodules are in 
fact the non unital version of |11[ [T2] , except perhaps the construction of the twisting natural 
transformations and its weak associativity (Proposition 11.31 and Lemma fl.4[) . The generalized 
crossed product is introduced in Section [2j where we also give useful constructions on the 
normalized 2 and 3-cocycles with coefficient in the unit group of the base ring. Section [3] is 
devoted to the construction of an abelian group whose elements consist of isomorphic classes 
of generalized crossed products. We show that it contains a subgroup which is isomorphic 
to the 2-cohomology group (Proposition 13. 2ft . Our main results is contained in Section HJ 
which contains a number of exact sequences of groups that culminate in the seven terms exact 
sequence that generalizes Chase-Harrison- Rosenberg's one (Theorem 14.121 ). 

Notations and basic notions: 

In this paper ring means an associative and not necessarily unital ring. We denote by Z(R) 
(resp. Z(G)) the center of a ring R (resp. of a group G), and if R is unital we will denote by 
U{R) the unit group of R, that is, the set of all invertible elements of R. 

Let R be a ring and E C R a set of idempotent elements; R is said to be a ring with set of 
local units E, provided that for every finite subset {n, • • • ,r n } C R, there exists e € E such 
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that 



e r i = r i e = r «) for every i = 1, • • • , n, 



In this way, given a finite set {r\ , ■ ■ ■ 



r n } of elements in R, we denote 



Unit{ri, ■ ■ ■ 



n 



> = { 



e € E | erj = r^e 



rj, for every i = 1 




Observe that our definition differs from that in [T] Definition 1.1], since we do not assume 
that the idempotents of E commute. In fact, our rings generalize those of |T] since, when the 
idempotents are commuting, it is enough to require that for each element r G R there exists 
e 6 E such that er = re = r (see [TJ Lemma 1.2]). The Rees matrix rings considered in [2], 
are for instance, rings with a set of local units with noncommuting idempotents. 

Let R be a ring with a set of local units E. A right i?-module X is said to be unital 
provided one of the following equivalent conditions holds 

(i) X (g>ij R = X via the right i?-action of X, 



(iii) for every element ifl, there exists an element e € E such that xe = x. 

Left unital .R-modules are analogously defined. Obviously any right i?-module X contains 
XR as the largest right unital i?-submodule. 

Let R and 5 be rings with a fixed set of local units, respectively, E and E'. In the sequel, 
an extension of rings <fi : (R, E) — > (S, E') with the same set of local units, stand for an additive 
and multiplicative map <j> which satisfies 0(E) = E'. Note that since R and S have the same 
set of local units, any right (resp. left) unital S-module can be considered as right (resp. left) 
unital i?-module by restricting scalars. Furthermore, for any right S-module X, we have the 
equality XR = XS. 

1 Similar and invertible unital bimodules. 

Let R be a ring with a set of local units E. In the first part of this section we give some prelim- 
inary results on unital i?-bimodules, which we will use frequently in the sequel. Most of them 
were already formulated by K. Hirata in [11] and |12] when R is unital. For the convenience 
of the reader we will give in our case complete proofs. The second part provides a relation 
between the automorphism group of an invertible unital i?-bimodule and the automorphisms 
of the base ring R. This result will be also used in the forthcoming sections. 

A unital R-bimodule is an i?-bimodule which is left and right unital. In the sequel, the 
expression R-bilinear map means homomorphism of i?- bimodules. Note that if M is a unital 
i?-bimodule, then for every element m € M, there exists a two sided unit e for m. That is, 
there exists e £ E such that m = me = em, see (3 p. 733]. If several i?-bimodules are 
handled, say M,N,P with a finite number of elements {mi,ni,pi}i, mi € M,ni € N,pi G P, 
then we denote by Unit{mi,ni,pi} the set of common two sided units of the m^'s, n^s and 
the pj's. This means, that e S Unit{mi,ni,pi} C E if and only if 

enii = mi = mie, eni = m = nie, epi = p% = Pie, for every i = !,■■■ ,n. 



(ii) XR := {£ 



finite 



Xin\ r t € R, Xi G X} = X, 
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Given a unital .R-bimodule M , we denote its invariant sub-bimodule, that is, the set of all 
i?-bilinear maps from R to M, by 

M R := Eom R - R (R, M). 

It is canonically a module over the commutative ring of all i?-bimodule endomorphisms Z := 
End^_^(i?). The ^-action is given as follows: for every z£2 and / G M R , we have 

z-f ■ rRr ->■ #/;, fr h4 f(z(r)) = z(e)f(r) = f(r)z(e), where e G f/mi{r}) . 

Lemma 1.1. Lei R be a ring with local units and M a unital R-bimodule such that M c R( n ) , 

that is, M is isomorphic as an R-bimodule to a direct summand of direct sum of n copies of 
R. Then 

(i) M R is a finitely generated and projective Z-module; 
(ii) there is an isomorphism of R-bimodules 

M =S R® Z M R , 

where the R-bimodule structure of the right hand term is induced by that of R. That is, 
r(s ®z f)t = (rat) ®z f, (s®zf^R ®z M R , r, t G R). 
Proof. Let us consider the following canonical i?-bimodule homomorphisms: 

<Pi : M<—^ R(n) R, fa : ft-J±^ R ( n ) M, i = l,---,n, 

where 7Tj and ij are the canonical projections and injections. 

(i) It is clear that {(fa, fa)}i G M R x Bom z (M R , Z) is a finite dual Z-basis for M R , 
where each fa is defined by the right composition with (p^, that is, ip*(f) = (pi o /, for every 
/ G M R . 

(ii) We know that there is a well defined i?-bilinear map 

R0 Z M R M 

r®zf i ^ f(r). 

We can easily show that 

M R® Z M R 

m I > Y% ¥>i( m ) ®z tpi, 

is actually the inverse map of rj. □ 

We will follow Miyashita's notation concerning this class of i?-bimodules. That is, if we 
have an i?-bimodule M which is a direct summand as a bimodule of finitely many copies of 
another i?-bimodule N, we shall denote this situation by M\N. It is clear that this relation 
is reflexive and transitive. Furthermore, it is compatible with the tensor product over R, in 
the sense that we have M Q\N ®_r Q and Q (Sir M\Q <S>r N, for every unital i?-bimodule 
Q, whenever M\N. In this way, we set 

M ~ N, if and only if, M\N and N\M, (1) 

and call M is similar to N. This in fact defines an equivalence relation which is, in the above 
sense, compatible with the tensor product over R. 
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Lemma 1.2. Let R be a ring with local units and M, N are unital R-bimodules such that 
M\R and N\R as bimodules. Then 

(i) for every finitely generated and projective Z-module P, we have an isomorphism of Z- 
modules 

(R® Z P) R = P\ 
(ii) there is a natural (on both components) Z -linear isomorphism 

(M® R N) R ^ M R ® Z N R . 

Proof, (i) Let {{pi,p*)}i<i< n be a dual iJ-basis for P. Given an element / € (R®z P) R > we 
define a finite family of elements in Z: 

z fA := (R®zPi)° f -R^ R® Z P -> R® Z Z^R. 
Now, an easy computation shows that the following maps are mutually inverse 

P ^(R® Z P) R (R® Z P) R ^P 

which gives the stated isomorphism. 
(ii) By Lemma ll.lf ii) we know that 

M ^ R® z M R and N = R® Z N R . 

Therefore, we have 

M® R N ^R® z (m r ® z N R ^j . 

Since by Lemma fl.lf i). M R ®z N R is a finitely generated and projective ^-module, we obtain 
the desired isomorphism by applying item (i) just proved above. □ 

Keep the notations of the first paragraph in the proof of Lemma 11.11 

Proposition 1.3. Let R be a ring with local units and M, N are unital R-bimodules such 
that M\R and N\R as bimodules. Then there is a natural R-bilinear isomorphism M ®rN = 
N ®r M given explicitly by 

J m ,n ■ M ® R N ^ N ® R M 

x® R y i ^ Ya <Pi( x ) V ®R ^i(e), 

where e € Unit{x,y}. 

Proof. By Lemmata 11.11 and II. 2| we have the following chain of i?-bilinear isomorphisms 

M® R N — =^ R® z M R ® z N R — ^ R® Z N R ® Z M R — N ® R (R ® z M R ) -=->■ N ® R M. 
Writing down explicitly the composition of these isomorphisms, we obtain the stated one. □ 



r ®zp 
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The natural transformation T_ _ is associative in the following sense. 

Lemma 1.4. Let R be ring with a local units. Consider X,Y,P,Q,U,V unital R-bimodules 
which satisfy Q\R, (Y (g>j? V)\R, (X <%>r U)\R and (P (g># Y)\R, all as bimodules. Then the 
following diagram is commutative: 



X ® R U ® r P ® r Y ® r V ® r Q y ® v,Q > X ® R U ® r P®rQ®rY <S) R V 



J 



P ® R Y ® R X ® R U ® R V ® R Q — — > P ®r Q ®r Y ® R X ®r U ® R V. 

I Y®X®U<g>V, Q 

Proof. Straightforward. □ 

Recall form [9j p. 227] that a unital i?-bimodule X is said to be invertible if there exists 
another unital i?-bimodule Y with two i?-bilinear isomorphisms 

x® r y 1 — — | 

As was shown in |9] , one can choose the isomorphisms [, r such that 

X ® R t = I ®R X, Y ®R I = x ®r Y. 

In others words, such that (I, t _1 ) is a Morita context from R to R. In this way, Y is 
isomorphic as an i?-bimodule to the right unital part X*R of the right dual i?-module 
X* = Hom_^(A A , R) of X. This isomorphism is explicitly given by 

Y X*R, (y i — ► [x i-> r(y ® x)} 



It is worth mentioning that X is not necessarily finitely generated as right unital i?-module; 
but a direct limit of finitely generated and projective right unital i?-modules. 

Given e £ E consider its decomposition with respect to the invertible unital i?-bimodule 
X, that is, 

e = ^x e y e , (i.e. e = ^i{x e ® R y e )). 

(e) (e) 
It is clear that the x e 's and the y e 's can be chosen such that 

ex e = x e , and y e = y e e, 

which means that e is a right unit for the y e 's and left unit for the x e 's. 

Remark 1.5. It is noteworthy that a two sided unit of the set of elements {x e ,y e } do not 
need in general to coincide with e. However, any two sided unit e\ £ Unit{x e ,y e } is also a 
unit for e. In other words, the elements e and X^(e) Xe e V e belong to the same unital ring eRe, 
but they are not necessarily equal. This makes a difference in technical difficulties compared 
with the case of unital rings. 

The following lemma gives explicitly the relation between the automorphisms group of uni- 
tal invertible i?-bimodule and the unit group of the commutative unital ring Z = End^_/j(i2). 
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Lemma 1.6. Let R be a ring with local units and X an invertible unital R-bimodule. Then 
there is an isomorphism of groups, from the group of R-bilinear automorphisms of X, Aut R - R {X) 
to the unit group of Z, defined by 

Aut R ^ R (X) ^ Aut R - R (R) = U(Z) (2) 

0~ I *■ (J 

where for each r G R with unit e G Unit{r} ; we have 

?( r ) = ^2o-(x e )y e r = ^ra{x e )y e . 

(e) (e) 

In particular, for every element t G X and a G Aut^_^(X), we have 

a(l) = <?(e)t, whenever e G Unit{t}. 
Proof. Follows directly from jU Lemma 2.1]. □ 

The Picard group of R is denoted by Pic(i?). It consists of all isomorphisms classes of 
invertible unital i?-bimodules, with multiplication induced by the tensor product. As in the 
unital case |10[ Theorem 2.(i)], there is a canonical homomorphism of groups a : Pic(i?) — > 
Aut(U(Z)). This homomorphism is explicitly given as follows. Given [X] G Pic(i2) and 
u G U(Z), we consider the .R-bilinear automorphism of X defined by 

a u : X — > X, (i\ — >■ tu(e), teX, and e G Unit{t}j . 

We clearly have a uv = a u o a v , and so = 0^0 <t^, for u, v G U{Z) It follows from Lemma 
[HI that 

a u (rt) = du(r)i, for every t G X, r G R. (3) 

This equation implies that the element 'a u G U{Z) is independent from the choice of the 
representative X of the class [X] G Pic(R). We have thus a well defined map 

a : Pic(R) -> Aut(W(Z)), [X] ^ a [x] (u) = al 

which is a homomorphism of groups by ([3]). This is exactly the homomorphism induced by 
the map a of [U P- 135]. We have the formula: 

a [x](u)(r) = du(r) = ^ rx e u(e{)y e , (i.e. ^rl(x e ® R u(ei)y e ))> (4) 

(<0 (e) 
where e G J7mi{r}, ei G Unit{x e , y e }, and as before e = X^(e) ^e^e- 

2 Generalized crossed products with local units. 

Let Q be any group with neutral element 1. Consider a ring R with a set of local units E, 
and a group homomorphism G : Q — > Pic(i?). This is equivalent to give sets of invertible 
i?-bimodules and isomorphisms of bimodules 

{<d x : x eQ}, {Jf^ y : Q x <3r Q y ^ @ xy , x, y G Q}, 
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where 0(x) = [@ x ] f° r every x G Q. Consider the product on the direct sum @ x£ g @ x 
determined by the maps J~ xy - There is no reason to expect that this product, after the choice 
of the representatives Q x , will be associative. In fact, it becomes an associative multiplication 
if and only if the diagram 



@x ®i? &y ®R ®z 



e 



xy <$R ®z 



(5) 



&x ®R Qyz 



J* 

•* rr. ■ 







syz 



commutes for every x,y,z G Q. Even in this case, it is not clear wether this multiplication has 
a set of local units. On the other hand, we know that there is an isomorphism of i?-bimodules 
l : R — > 0i, so a natural candidate for such a set should be E' = /-(E). In fact, this is a set of 
local units if and only if, for every x G G, the following diagrams are commutative 




R®r 




(6) 



The previous discussion suggest then the following definition. 



Definition 2.1. A factor map for the morphism : Q 
i?-bimodules and isomorphisms of bimodules 



Pic(i?) consists of sets of invertible 



{Q x : x € G], {J"® : 0. 



,y 



lR &y 



&xy, x,y € G}, 



where 0(x) = [Q x ] f° r every x £ G, and one isomorphism of i2-bimodules t : R 
that the diagrams ([5]) and (|6]) are commutative. 



©i such 



Now we come back to our initial homomorphism of groups : Q — > Pic(i2) and its 
associated family of isomorphisms {^x,y}x,y,eS- Out next aim is to find conditions under 
which we can extract from these data a factor map for R and G- First of all we should assume 
that the diagrams of (|6|) are commutative. We can define using the homomorphism of groups 
a : Pic(R) — > Aut(U(Z)) given by equation (j3J), a left {/-action on the group of units U(Z), 
where Z = End/j_^j(i?). Written down explicitly the composition a o : Q — > Pic(R) — > 
Aut(U(Z)) the outcome action is described as follows. Given a unit e 6 E, its decomposition 
with respect to the invertible i?-bimodule 0^ is written as e = £^(e) x e%e £ /- _1 (0i) = R- 
Using formula (J4j) , the left (/-action on IA{Z) is then defined by 



G x U{Z) 
(x,u) — 



■U{Z) 



(7) 



u 



r ^ Z)( e ) rx e u(ei)x t 



where e £ Unit{r} and e\ G Unit{x e ,x e }. Recall that in this case e\ G Unit{e}, and so 
ei G Unit{r}. 

The abelian group of all n-cocycles with respect to this action is denoted by Zq(Q,U(Z))\ 
while by Bq(G,M(Z)) we denote the n-coboundary subgroup. The n-cohomology group, is 
then denoted by H£(g,U(Z)). 
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Remark 2.2. To each homomorphism of groups : Q — )■ Pic(i?), it corresponds as before 
a (/-group structure on U(Z), and so it leads to the cohomology groups Hq(Q,U(Z)). The 
nature of this correspondence stills, up to our knowledge, unexplored, even in the case of unital 
rings. However, as we will see, it is in fact the starting key point of any theory of generalized 
crossed products. Following the commutative and unital case, see Remark 12. 131 below, here we 
will also extract our results from one fixed (/-action, this is to say fixed cohomology groups. For 
instance, one could start with the cohomology which corresponds to the trivial homomorphism 
of groups, that is, I : Q — > Pic(i?) sending ih> [R], of course here the cohomology is not at 
all trivial. 

Here is a non trivial example. 

Example 2.3. ([3]) Let R be a ring with E as a set of local units. Assume that there is 
a homomorphism of groups : Q — >■ Aut(i?) to the group of ring automorphisms of R (we 
assume that <I>(x)(E) = E, for every x G Q). Composing with the canonical homomorphism 
Aut(i?) — > Pic(i?) which sends x t— >■ [R x ] (i.e. the i?-bimodule whose underlying left R- 
module is R R and its right module structure is r.s = rx(s)), we obtain a homomorphism 
@ : Q — > Pic(i?). The corresponding family of maps {J~x, y }x,yeg is given by 

T® y : R x ® R R y — > R xy , {r® R s^ rx(s)) . 

Here of course the associativity and unitary properties of the multiplication of R, both imply 
that {J~xy}x, yeG is actually a factor map for R and Q. A routine computation shows now that 
the cohomology Hq(Q,U(Z)) which corresponds to this G is exactly the one considerd in [4, 
p. 135], since the (/-action ([7J coincides for this case with that given in 

Lemma 2.4. Keep the above Q -action on U{Z). Fix an element x € Q. 

(1) For every i £ Q x and u € IA{Z), we have 

iu(e) = x u(e)t, where e G Unit{t}. (8) 

(2) Given similar bimodules M ~ Q x ; for every m € M and u G IA{Z), we have 

mu(e) = x u(e)m, with e G Unit{m}. (9) 

Proof. (1) This is equation (j3|). 

(2) The identity ([8]) clearly lifts to finite direct sums Q x n \ and, hence, for subbimodules M of 

ei n) . □ 



Proposition 2.5. Let R be a ring with a set of local units E and Q any group. Assume that 
there is a homomorphism of groups B : Q — > Pic(i?) whose family of maps {J~®y} Xyy( zg satisfy 
the commutativity of diagrams (JBJ). Denote by a x ^y )Z : Q xyz — > & xyz the isomorphisms that 
satisfy 

ax,y,z o T% yz o (e, ® R = 7%^ o (j^ y ® R e z ) . (10) 

Then a X) y yZ defines a normalized element of Zq(Q, U(Z)), where ol x ^^ z is the image of a X}V)Z 
under the isomorphism of groups stated in Lemma \1.6l Furthermore, if a— — — is cohomolog- 
ically trivial, that is, there is a normalized map cr_ ; _ : Q x Q — > IA{Z) such that 

a x,y,z = 0~x,yz a y,zO~ X yO~ X y Z , 
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for every x,y,z G Q, then there is a factor map {J~x,y}x.yeG f or G, defined by 
J^ly : & x ®r Q y ®xy 

U X 8>R Uy I ^ CJ :Ei y(e)J'® ?; (U X ®R Uy), 

where e G Unit{u x , u y }. 

Proof. Consider x,y,z,t G Q, and u x £ @ x , u y £ @ y , u z £ Q z and Ut G Gt, denote by u a .u y the 
image of u x ®r u y under Ffy There are several isomorphisms from ®r Q y (S>r & z ®r @t to 
® X yzt which are defined by the family J-_ _. So it will be convenient to adopt some notations. 
In order to do this, we rewrite the stated equation (|10p satisfied by the ct-^-'s, as follows 

a X ,y,Z (u X (UyU Z )^ = ^(U X Uy)U 

Using Lemma ll,6| this is equivalent to 

Px,y,z{ e ) (u x (yyU z )\ = {[u x u y )u z j , 

where e G Unit{u x , u y ,u z } and ft-- - := a- t ~- is the image of a X) y^ z under the homomor- 
phism of groups defined in Lemma [L6l In this way, if we fix a unit e G Unit{u x ,u y ,u z ,Ut}, 
then we have 

((u x u y )u z ^J u t = (3 x , y , z (e) (u x (u v u z j\ u t 

= Px,y,z( e )Px,yzA e ) ( u z ((% u ^) u * / 

= (3 x ,y,z( e )Px,yzA e ) (py,z,t{ e ) {u y (u z u t )^ 

= (3 X ,y,z( e )l3x,yzA e ) \ Ux/3y,z,t( e ) (%( u ^ u t))) 

= Px,y,z{ e )^,yzA e ) Py,z,t( e ) U x (%( u ^ u t))) 

= f3 x , y ,z( e )/ 3 x,yzA e ) X l 3 y,zA e ) ( u x (%( u ^ u *))) 

= (3 x ,y,z( e )Px,yzA e ) X l 3 y,zA e )P X ,l,zt( e ) ( K%) 

= Px,y,z( e )Px,VzA e ) * Py,zA e )PxlA e )Pxy\zA e ) (( U z%K) U t . 

Given h G E, using the above notations, we can consider the following units 



h = ^2x h x h , 


hi 


G Unit{x h ,x h }; 


(h) 






hi = ^VhiVhi' 


h 2 


G Unit{y hl ,y hl } 


(hi) 






h-2 = Zh 2 Zh 2 , 


h 3 


G Unit{zh 2 ,Zh 2 } 








h 3 = y~]th 3 th3, 


hi 


G Unit{t h3 ,t h3 }. 


(ft3) 
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It is clear that /14 is a unit for all the handled elements, in particular /14 € Unit{xf l ,yhi > z h2^h 3 }- 
According to the equality showed previously, for every set {x^, y^ , z^ 2 , t/ l3 }, we have 

[{X h y hl )z h2 j t h3 = /3x,yA h 4)f 3 x,yzA h 4) X / 3 y,zA h 4)f 3 xiM h *)( 3 xy,z,A h ^ {( X hyh 1 )Zh 2 ) 

Using the map J~f t -i, an d summing up, we get 

(( X hyhi)Zhi) th 3 th 3 = Px,yA h ^^x,yzA h ^ X / 3 yM h ^l 3 x,lM h4 ^xy]zA h ^ ((^Wu) 2 ^) ffcAj, 

(hs) 

which means that 

{x h y hl )z h2 = Px,y > z( h 4)Px,yz,t{ h ±) 3 ' ' Py,zA h ±)Pxl,zti h i)Pxy,zA h ^( Xh y h ^ Zh 2-> e q ualit y in ®xyz- 
Repeating thrice the same process, we end up with 

h = Px,yA h i)l 3 x,yzA h ^ X Py,zA h i)( 3 x}yA h ^^lzA h ^ h 
= Px,y,z(h)(3x,yzAh) * W^},,rt W^*,t 

since h/Ji = hh^ = h and the involved maps are i?-bilinear. Therefore, for any unit h € E, we 
have 

Pxy,z,t ° Px,y,zt{h) = X Py,z,t Px,yz,t ° Px,y,z\h) . 

Since the /3 's are i?- bilinear, this equality implies the 3-cocycle condition, that is, 

Pxy,z,t ° Px,y,zt = X Py,z,t o f} x ,yz,t ° Px,y,z, for evel T x , 2/, ^, * € £. 

A routine computation, using equation ([8]), shows the last statement. □ 

Corollary 2.6. Let R be a ring with local units and Q any group, and fix a factor map 
{©x}xg5 for R and Q with its associated cohomology groups. Assume that there is a family of 
invertible unital R-bimodules {Q x } x ^g such that Q x ~ Q x (they are similar), for every x E Q, 
with a family of R-bilinear isomorphisms 

3~x,y • ^x ^R ^y ^ ^xy- 

For x,y,z € Q, we denote by a X y z '■ ^xyz ^xyz the resulting isomorphisms which satisfy 

Oix,y,z ° Fx,yz fax ®R Fy,z^ = Fxy,z ° {^x,y ®R ^z) ■ (H) 

Then a x ,y t z defines an element of Zq(Q, U(Z)), where a xyz is the image of a x ^ VtZ under the 
isomorphism of groups stated in Lemma \1.6[ 

Proof. This is a direct consequence of Proposition 12,51 and Lemma 12.4( 2). □ 
We need to clarify the situation when two different classes of representatives are chosen. 
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Proposition 2.7. Let R be a ring with a set of local units E and Q any group. Consider 
two factor maps {J~ xy }x,yeG an< ^ {J~x y}x,y£G suc -h that, for every x E Q, there exists an R- 

bilinear isomorphism a x : T x ^ Q x . Denote by T X y, where x,y £ Q, the following R-bilinear 
isomorphism 

T~x,y '■ ®xy ■ *• ©a; ®R ®y =*" ^x ®R ^y ' *" ^xy *" ©xj/; 

That is, 

Then Tx~y defines a normalized element of Zq(Q, IA(Z)), where is the image of T x>y under 
the isomorphism of groups stated in Lemma \l.b\ 

Proof. Fix a set of elements x,y,z € Q. Assume that we have 

x Tx^z{h)T x ^yz{h) = T^ y {h)T^z{h), for every unit h £ E. (12) 
So taking any element r G R with unit / € Unit{r}, we obtain 

7~x,yz ° Tx,yz{f) — 1"x,yz ° Tx,yz{ff) 



x 



Tx,yz(.f^)Tx,yz{f) r 
T^y(f)Tx^z(f)r 
= T xy,z f T ir,J/(/) r J 
— 7~xy,z ° 'Tx,y(j' S )i 

which shows that tT^I is a 2-cocycle. In fact t^TL is by definition a normalized 2-cocycle. 
Equation (jl 2 [) is fulfilled by following analogue steps as in the proof of Proposition 12,51 □ 

Proposition 2.8. The hypothesis are that of Corollary \2.(A Assume further that there are 
two families of invertible unital R-bimodules {Q x } x ^g and {T x } xe g as in Corollaru \2.6\ (i.e. 
T x ~ ©z ~ ^x), together with families of R-bilinear isomorphisms 

?x,y '■ ^x ®R &y > &xy, ^x,y '■ ^x ®R ^y > ^xy 

Assume also that there are R-bilinear isomorphisms a x : Q x — > T x , x € Q. Consider the 
associated 3-cocycles /3_ , /?£ € IA{Z)) given by Proposition ^. 51 Then, 

/?-,-,- ° (P-,-,-) 1 £ B e(G, U(Z)). 
That is, they are cohomologous, or ] = [/3_ ] in Hq(Q, IA(Z)). 

Proof. Let us denote by a_ and oF_ the i?-bilinear isomorphisms satisfying equation 

(jlip . respectively, for {$l x }xeQ aR d {^x}xeg- For any pair x,y € Q, we consider the i?-bilinear 
isomorphism b xy : £l xy — > Cl X y defined by the following equation 

a xy ob xy oF xy = T xy o (a x ® R a y ) ■ (13) 
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We denote by J x ,y, x,y G G, the image of b xy under the homomorphism of groups defined in 
Lemma 11,61 

Fix x,y,z G Q, and consider (t^, t y , t z ) G Q, x x VL y x £l z and (u x , u y , u z ) (zT x xT y xT z with 
a common unit e G Unit{t x , t^, t z , Ujc, Uy, u 2 }. Using the notation of the proof of Proposition 
12,51 we can write 

/92 w ,*(e)tx(tyt,) = (t x t y )t z . (14) 
#Ev,*(<0 = {u x u y )u z . (15) 

7 a: , 2 /(e)a a;2/ (t [; t 2/ ) = a^t^a^ (t y ). (16) 

A routine computation as in the proof of Proposition 12.51 using equation (j!4p , fll5|) and (|16p , 
show that, for every unit h £ E, we have 

= (7 W ('»))" 1 (VW)" 1 7« ll /('»)7w('')- 

This implies that 

° = 1*u* ° 7*,» ° ( X 7v,*) ° (7x,y 2 ) , in W(.Z), 

which finishes the proof. □ 

Now we are able to give the right definition of generalized crossed product. We hope it 
will result cleaner than the one considered in |13[ [T5] for rings with identity. In the sequel, R 
denotes a ring with a set of local units E. 

Definition 2.9. Given a factor map as in Definition 12.11 

{F® y : e x ® R e y ^ e xy , x, V £ gy, 

with an isomorphism of i?-bimodules l : R — > ©i, we define its associated generalized crossed 
product A(O) = Q) xe g & x with multiplication 

M„ = 3H,v% ® e v)i for - e y e ®»- 

It follows that 0i is a subring of A(O) and the map t : R — > 0i is a ring isomorphism. 
Therefore, t(E) is a set of local units for 0i that serves as well as a set of local units for A(0). 
Normally, we will identify R with 1; and, thus, E will be a set of local units for the generalised 
crossed product A(0). Obviously, A(0) is a (/-graded ring such that Q x Q y = Q xy for every 
x,y G g (thus, it could be referred to as a strongly graded ring after [16J). For instance, if we 
take as in Example 12. 3| then A(0) is the skew group ring R * (?, see 

Remark 2.10. A factor map as in Definition 12.1 I determines a generalized crossed product T = 
® X £g F x with ring isomorphism i : R — > Fx and multiplication given by 'Jxjy = 3~x,y(rfx®Rly) 
for j x G T x ,j y G T y . In other words, generalized crossed products and factor maps are just 
two ways to define the same mathematical object. A generalized crossed product T gives 
clearly a group homomorphism 

r : g — ^Pic(fl), (a^y. 

Whether a general group homomorphism Q — > Pic(i?) gives some generalized crossed product 
is not so clear. However, as we have seen in Proposition 12.51 this is possible, if the underlying 
maps satisfy the commutativity of diagrams ([SJ and the associated 3-cocycle is trivial or at 
least cohomologically trivial. 
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Definition 2.11. A morphism of generalized crossed products (A(B), v), (A(r), l) is a graded 
ring homomorphism / : A(@) — > A(T) such that f o v = l. Equivalently, it consists of a set of 
homomorphisms of i?-bimodules 



such that all the diagrams 



{f x :S x ^T x :xe G} 



@x <S>r ®y 

fx®fy 




commute, and f\ o v = t. 

Let R C S be an extension of rings with the same set of local units E. We denote as in 
[9j by InvR(S') the group of all invertible unital i?-sub-bimodules of S. An i?-sub-bimodule 
X C S belongs to the group Invji(S) if and only if there exists an .R-sub-bimodule Y C S 
such that 

XY = R = YX, 

where the first and last terms are obviously defined by the multiplication of S. Clearly, there 
is a homomorphism of groups [i : Inv^(5) — > Pic(i?). 

Remark 2.12. A generalized crossed product r of R with Q gives in particular the ring 
extension t : (R, E) — > (T, E') with local untis. In this way, T x is a unital i?-subbimodule of 
r for every x £ Q, and the isomorphism i : R — > Ti becomes i?-bilinear. We will identify 
Ti with R and E with E'. Let us denote by J-" r : T <8>_r r — > F the multiplication map of the 
ring r. It follows from [9l Lemma 1.1] that its restriction to (g>R T y gives an i?-bilinear 
isomorphism 



•'xy ■ L x 



iRLy 



1 X s - % 



xy 



for every x,y G Q, since, obviously, T x G Inv/j(T) for every x € Q. Clearly, our generalized 
crossed product determines a factor map in the sense of Definition 12,11 On the other hand, 
the associated homomorphisms of groups r : Q — > Pic(i?) actually factors throughout the 
morphism fi. That is, we have a commutative diagram of groups 



Invfl(r). 



•Pic(i?) 



(17) 




As we have seen in Remark 12,121 one can start with a fixed ring extension R C S with the 
same set of local units E, and then work with the T's defined this time by T : Q — > Inv^j(S') 
instead of the T's. In this case the situation becomes much more manageable, in the sense 
that each morphism T induces automatically a factor map and vice versa. 
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Remark 2.13. As was shown in |13[ Remarks 1., 2. and 3.], the above notion generalizes 
the classical notion of crossed product in the commutative Galois setting. Specifically, given a 
commutative Galois extension k C R with a finite Galois group Q, and consider the canonical 
homomorphism of groups <I>o : Q — > Picj [ (i2), where Pic^i?) = {[P] G Pic(i?)| kp = pk,V k G 
k,j) G P}, which sends x — > [R x ] to the class of the i?-bimodules R x whose underlying left 
i?-module is R R and its right i?-module structure was twisted by the automorphism x, see 
Example 12.31 In this case, the over ring is chosen to be S = (B x ^g^o( x ) defined as the usual 
crossed product attached to <I>o, which is not necessary trivial, that is, defined using any 2- 
cocycle. Thus, in the Galois theory of commutative rings, the homomorphism of groups which 
leads to the study of intermediate crossed products rings, is the obvious homomorphism of 
groups which satisfies <l>o = p6) where [i is as in diagram (|17p . 

3 An abelian group of generalized crossed products. 

From now on, we fix a ring extension R C S with the same set of local units E. Let Q be any 
group and assume given a morphism of groups 

6 : Q — ► lnv R (S), (*.— ►e*), 

where we have used the notation of Remark 12.121 The multiplication of S induces then a 
factor map 

{T® y : Q x ® R e y — ► Q xy , : x, y £ G}. 

Clearly R = ©i, whence E is a set of local units for A(B). We introduce in this section 
an abelian group Q(Q/R) whose elements are the isomorphism classes of generalized crossed 
products whose homogeneous components are similar as i?-bimodules to that of A(@), see 
Section [2] for definition. Our definition is inspired from that of Miyashita |15[ §2.], however 
the proofs presented here are slightly different. This group will be crucial for the construction 
of the seven terms exact sequence of groups in the next section. 

Let us consider thus the set Q(Q/R) of isomorphism classes of generalized crossed products 
[A(r)] such that, for each x G Q, we have T x ~ 0^, that is they are similar as iZ-bimodules, 
see Section [1] 

Proposition 3.1. Consider the set of isomorphisms classes of generalized crossed products 
Q(Q/R) defined above. Then Q(Q/R) has the structure of an abelian group. Moreover the 
subset Qq(Q/R) consisting of classes [A(A)] such that for every x £ G, K x = Q x as R- 
bimodules, is a sub-group ofQ(Q/R). 

Proof. Given two classes [A(fi)], [A(T)] G 6(0/i?), their multiplication is defined by 

[A(n)][A(r)] = [e n x ® R e x -i® R r x }. 
./". t; 

The factor maps of its representative generalized crossed product are given by the following 
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composition 

ftx ®R @ x -i ®R T x (Sir 9, y ® R Q y -i ® R T y 



9, x ® R Sly ® R Qy-i ® R @ x -i ® R T x <g) R Ty 



riir S 

x ,y 



Fx, y ® 1 ^ x - 1 ® -^x , y 



^xy ®R Q(xy)- 1 ®>R ^xy, 



where Te _ 1 ®r x ,tt y ® R e _i is the twist ii-bilinear map defined in Proposition 11,31 The asso- 
ciativity of the J-^L's is easily deduced using Lemma [1.41 This multiplication is commutative 
since for any two classes [A(f2)], [A(r)] 6 Q(Q/R), we have a family of i?-bilinear isomorphisms 



x 19R &X- 1 ^R ^x 



■ r x (g) R q x -i ® R q x ® R q x -i ®r a 



I 

ttx ®R &X- 1 ®R r x ®R &X- 1 ®R ©a 



n x <g> R e^-i ® R r x , 



which is easily shown to be compatible with both factors maps of T and $7. Thus, it induces 
an isomorphism at the level of generalized crossed products. 

It is clear that the class of [A(0)] is the unit of this multiplication. The inverse of any 
class [A (17)] is given by 



[A(ft)]- 1 = [®e x ® R n a 

xdQ 



6 J. 



Lastly, the fact that Qq(Q/R) is a sub-group of C(Q/R), can be immediately deduced from 
definitions. □ 

Proposition 3.2. Consider the abelian group Qq(@/R) of Proposition HOI Then there is an 
isomorphism of groups 

e (e/R) * hUqm{z)). 

Proof. The stated isomorphism is given by the following map: 

C : e (@/R) — »• HUgMZ)), f[A(A)] — > fr_. 
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where r_ _ is the normalized 2-cocycle defined in Proposition 12,71 and [r ] denotes its 

equivalence class in Hq(Q,U(Z)). First we need to show that this map is in fact well de- 
fined. To do so, we take two isomorphic generalized crossed products x '■ A(A) 
which represent the same element in the subgroup Qq(Q/R), with i?-bilinear isomorphisms 

a x 

Yj x : b x , for all x G Q. Then we check that the associated 2-cocycles are 
cohomologous. So let us denote these cocycles by and 7-,- associated, respectively, to 
A(A) and A(S). We need to show that [t^-] = [7— — ]■ Recall from Proposition 12 . 71 that we 
have 

T x,y ^Zy ( a * ®* a v) = a *v F£,v> 7 ^ F ty ( b * ®« b v) = h *y ^Sv 

for every x,y G G, where T_ _ and J 7 ^ _ are, respectively, the factor maps relative to A and 
E. For each x G Q, we set the following i?-bilinear isomorphism 

Px ■ ©a- A x =>■ Yj x @ x , 

where Xx is the x-homogeneous component of the isomorphism x- Then it is easily seen, using 
the fact that x is morphism of generalized crossed products, that, for each pair of elements 
x,y G G, we have 

Pxy O T Xt y o J& y = J X)y O J^ y O (j3 x ® R f3y^J . (18) 

We claim that 

T X; y(e)/3 xy (e) = 7x,y(e)/3 x (e) x /3 y (e), for all e G E. (19) 

So let e G E, and consider its decomposition e = Y2( e ) x e%e with respect to Q x , for a given 
x G Q. Let ei G Unit{x e ,x e }. Using equation (|18p . we get the following equality in S 

'y ] Pxy T x,y{x e y ei )y ei x e = 
(e),(ei) (e),(ei) 

Routine computations show that, 

^ PxyT x , y {x e y ei )y ei x e = T x ,y{ei)l3 X y(ei)e = T x , y (e)p xy (e), and 

(e),(ei) 

Y ^ y ( K ^x(x e )f3y(ye 1 )^y ei Xe = 7s,i/( e i ) fix (ei YPy(ei )e = %, y (e)]3x(e) x /3y(e), 

(e),(ei) 

which by (|20p imply that 

^(ejAcj/Ce) = %, y (e)f3 x (e) x (3y(e), 
which is the claimed equality. On the other hand we define 

h : Q *U{Z) = Aut R ^ R {R) 

x 1 >■ (h x : r 1 — V Y,( e ) r /3x(x e )x t 

where e G Unit{r}, and e = ]C( e ) x eX e is the decomposition of e in R = Q x Q x -i. It is clear 

form definitions that /3 X = h x , for ever x G G- Taking an arbitrary element r G R, we can 
show using equation (jl 9[) that 

r x ,y°h xy {r) = %,yO x h y oh x (r). 
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Therefore, T xy o h xy = j Xty o x h y o h x , which means that r and 7 are cohomologous. 

By the same way, we show that, if t_ _ and 7 are cohomologous, then A (A/12) and 

A(£/12) are isomorphic as generalized crossed products, which means that the stated map £ 
is injective. To show that this map is surjective, we start with a given normalized 2-cocycle 
cr~ t - '■ G 2 — > U(Z), and consider the following 12-bilinear automorphisms: for every x G Q 

$x ■ ®x > @x, (u I > (T x ,x(e)uJ , 

where e G Unit{u}. Now set Ti x = Q x as an 12-bimodule with the 12-bilinear isomorphism 
•d x : T, x — > Q x previously defined. We define new factor maps relative to those X^'s, by 

T^ y : T, x ® R T. y -> (u x ® R u y 1 — >■ a X) y(e) lf t y(u x ®r Uyfj , 

where e € Unit{u x , u y }. The 2-cocycle condition on a gives the associativity of J 7 ^ _, while 

the normalized condition gives the unitary property. Thus, A(E/i?) is a generalized crossed 
product whose isomorphic class belongs by definition to the sub-group Qq(Q/R). 

Lastly, by a routine computation, using the definition of the twist natural map given in 
Proposition ll,3| we show that the map £ is a homomorphism of groups. □ 



4 The Chase-Harrison-Rosenberg seven terms exact sequence. 

In this section we show the analogue of Chase-Harrison-Rosenberg's [5] seven terms exact 
sequence, generalizing by this the case of commutative Galois extensions with finite Galois 
group due of T. Kanzaki Theorem p. 187] and the noncommutative unital case treated by 
Y. Miyashita in [El Theorem 2.12]. 

From now on we fix a ring extension R C S with a same set of local units E, together 
with a morphism of groups : Q — > Inv^(S') and the associated generalized crossed product 
A(Q/R) having as a factor map relative to G. 

We denote by Pic(i?) and Pic(S'), respectively, the Picard group of R and S. There is a 
canonical left (/-action on Pic(i?) induced by the obvious homomorphism of groups Invn(S) — > 
Pic(i?) given explicitly by 

X [P] = [Q x ® R P <g> R 9 x -i], for every x G G, and [P] € Pic(i?). 

The corresponding (/-invariant sub-group is denoted by Pic(R)^ . We will consider the sub- 
group Picz(i?) whose elements are represented by ^-invariant i?-bimodules, in the sense that 

[P] G Pic z (R), if and only if [P] G Pic (12), and i(e)pe' = epi(e'), Vp G P, 

for every pair of units e, e' G E, and every element 3 6 2. In this way, we set 

Pic z {R) G := Pics (12) n Pic(12) g . 

Recall from [9] Sect. 3] the group y(S/R): 

7(S/R) = { [P] =[*]=> [X] I [P] G Pic(12), [X] G Pic(S), and a map </> : R P R R X R } 
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where at least one of the maps <pi : P (g># S — > X, or (fi r : S ®r P — > X, canonically attached 
to 4>, is an isomorphisms of bimodules. For more details on the structure group of this set we 
refer to j9j Section 3.]. Obviously there is a homomorphism of groups 



Oi : y(S/R) — ► Pic(P), ( [P] 



[*])—> [P] . 



(21) 



This group also inherits the above (/-action. That is, there is a canonical left (/-action on this 
group which is induced by and given as follows: 



[P] 



[X] 



x <i$R 



JR. 



where tp := @ x 'S>r4 i <S>r@ x -i (composed with the multiplication of S) . The subgroup 7{S/R)^ 
of (/-invariant elements of 7{S/R) has a sightly simpler description: 

Lemma 4.1. Keeping the above notations, we have 

^{S/Rf = { [P] =[*]=> [X] € nS/R)\ <P(P)®x = <3>x(f>(P), for every x £ (/| , 
where <j)(P)Q x and @ x <p(P) stand for the obvious subsets of the S-bimodule X, e.g. 



finite 

Proof. Is based up on two main facts. The first one is that the P-bilinear map eft : P — > X 
defining the given element [P] = [</>]=> [X] € y(S/R), is always injective, see j9[ Lemma 3.1]. 
The second fact consists on the following equivalence: For a fixed x £ (/, saying that (j)(P)Q x = 
Q x (j){P) in 5X5 is equivalent to say that there is an isomorphism f x : P = Q x ®r P (&R Q x -i 
which completes the commutativity of the following diagram 



P 



X 



&x 



fx I 

v 

?.p®H.e n 



6a; ®R X ®R 9 a -l C 



1R 



s- 



The later means, by the definition of y(S/R), that 

[p]=[4,]=>[x\) = ([e x ®p®e x -i] 



[X] 



4.1 The first exact sequence. 

Now we set 

?z(S/R) = { [P] =[*]=>[*] €9(S/R)\[P]ePic z (R)} 



□ 
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and 

? z {s/Rf = y z {s/R) n y(s/R) G . 

On the other hand, we consider the group Aut R _ r i ng (S) of all i?-ring automorphisms of 
S (with same set of local units). It has the following subgroup 

Aut R ^ ring (S)^ = {/ € Aut R - ring (S)\ f(B x ) = O x , for all x e g}. 

There are two interesting maps which will be used in the sequel: The first one is given by 

£ : Aut R - Hng (S) — > T(S/R), (f .— > ( [R] =M^ [S f ] 



where /-/is the inclusion R C Sf, and Sf is the S'-bimodule induced from the automorphism 
/, that is, the left 5-action is that of $S, while the right one has been altered by /, that is, 
we have a new left 5-action 

s.s' = sf(s'), for all s,s 6 S. 
The second connects the group U(Z) with Aut R - r i ng (S), and it is defined by 

2:U(Z) = Aut R ^ R (R) — > Aut R^ r i n g (S), (a i — > [?(a) : s ^ a~\e) sa(e)]) , (22) 

where e € Unit{s}, s € S 1 . 

Proposition 4.2. Keeping the previous notations, there is a commutative diagram whose rows 
are exact sequences of groups 

U{Z) = Aut R ^ R (R) Aut R _ ring (S) ^ ?(S/R) Pic ( R ) 



= Aut R - R (R) Aut R _ ring (S)^ y Z (S/R) g Pic z (R) g . 

Proof. The exactness of the first row was proved in [9j Proposition 5.1]. The commutativity as 
well as the exactness of the second row, using routine computations, are immediately deduced 
from the definition of the involved maps. □ 

The conditions under assumption, that is, the existence of : Q — > lnv R (S) a homo- 
morphism of groups with a given extension of rings R C S with the same set of local units 
E, are satisfied for the extension R C A(0). Precisely, the map factors thought out a 
homomorphism of groups ©' : Q — > Iiivr(A(0)), (x i— > 0^ , as R C A(0) is an extension of 

rings with the same set of local units E. Thus, applying Proposition 14.21 to this extension, we 
obtain the first statement of the following corollary. 

Corollary 4.3. Consider the generalized crossed product A := A(0) of S with Q. Then there 
is an exact sequence of groups 

1 W(Z) Aut R _ rm£; (A)(S) 3> Z (A/Rf Pic z (R) g . 

In particular, we have the following exact sequence of groups 

1 HUG, U{Z)) -5U V Z (A/R)0 — Pic z (Rf. 
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Proof. We only need to check the particular statement. So let / G Aut/j_ r j n5 (A)(S), this 
gives a family of i?-bilinear isomorphisms f x : Q x — > @ x , x G Q, which by Lemma 11,61 they 
lead to a map 

a : Q — >U(Z), ( x i — > f x 



as Q x G Inv^j(S'). An easy verification, using (j8|), shows that, for every unit e G E, we have 

Ly(e) = Ue) x Jy{e). (23) 

Therefore, 

o- xy = ct x o x o y , for every x,y £<3. 

That is, a is a normalized 1-cocycle, i.e. a G Z^{Q ,IA{Z)). 

Conversely, given a normalized 1-cocycle 7 G Zq(Q,U(Z)), we consider the i?-bilinear 
isomorphisms 

fli : ©x — > Qx, (u 1 — > 7x(e)u) , where e G [/m^u},^ € 6^. 



Clearly, the direct sum g := ® x ^gg x defines an automorphism of generalized crossed product. 
Hence, g G Aut R - rin g(A)( g \ 

In conclusion we have constructed a mutually inverse maps which in fact establishes an 
isomorphism of groups 

Aut fl _ rin9 (A)^ Z4(0,WOZ)). (24) 

Now let us consider en element u G U{Z) = Aut R ^ R (R), and its image 3~(u) under the map 
3" defined in equation (|22p using the extension R C A. Then, for every element a G X , we 
have 

3~(u)(a) = u _1 (e)au(e), e £ Unit{a} 
i u-Vru^a. 



Therefore, u defines, under the isomorphism of (|24p . a 1-coboundary, 

We have then constructed an isomorphism of groups 

Aut R „ ring (A)W/Aut R - R (R) * H l @ {g,U(Z)). 

The exactness follows now from the first statement which is a particular case of Proposition 
1421 □ 



4.2 The second exact sequence. 

For any element [P] G Pic(P), we will denote by [P -1 ] its inverse element. Let us consider 
the following groups 

Pic 2 (P) (e) := {[P] G Pic z (P)| P® R @ X ^rP- 1 ~ 8,, for all x G £/| . 
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A routine computation shows that this is a subgroup of Pic z (R) which contains the sub- 
group of all ^-invariant elements. That is, there is a homomorphism of groups Picz(R) ~^ 

Given an element [P] G P\c z (R)^) and set Q x := P ®r Q x <S>r -P -1 , for every x G Q. 
Consider now the family of i?-bilinear isomorphisms 

•Fx,y '■ ®R ~~ ^ ^xy 

which is defined using the factor maps T xy and the isomorphism P^rP^ 1 = R. This is clearly 

a factor map relative to the homomorphism of groups Q : Q — )■ Invn(S) sending 

This gives us a generalized crossed product A (17), and in fact establishes a homomorphism of 

groups 

£ : Pic 2 (i?) (e) -> 6(9/12), 

where the right hand group was defined in Section [3] The proof of the following lemma is left 
to the reader. 

Lemma 4.4. Keep the above notations. There is a commutative diagram of groups 

Pic z (R)s * — * e (e/fl) 

P P 

Pic 2 (i?)( G ) — - e(e/R). 

Now we can show our second exact sequence. 

Proposition 4.5. Let A(0) be a generalized crossed product of S with Q. Then there is an 
exact sequence of groups 

y z (A(e)/Rf Pic z (Rf e (e/R), 

where §2 end S3 are, respectively, the restrictions of the map Oi given in equation (|2ip attached 
to the extension R C A(0), and of the map defined in Lemma \4-4\ 

Proof. Let [P] G Pic z (R) G such that S 3 ([P]) = [A(ft)] = [A(0)], where for every x £ Q, 
Q x = P^rOx^rP -1 ■ This means that we have an isomorphism A(O) = A(0) of generalized 
crossed products, and so a family of i?-bilinear isomorphisms i x : Q x ®rP — P®R@x, x G Q. 
We then obtain an i?-bilinear isomorphism 

l = © l x : A(0) ® r P^P®r A(0), 

which in fact satisfies the conditions stated in [8j Eq. (5.1) and (5.2), p. 161]. This implies 
that A(0) ®rP admits a structure of A(0)-bimodule whose underlying left structure is given 
by that of A (@)A(0). In this way, the previous map 1 becomes an isomorphism of (A(0), R)- 
bimodules, and so we have 

(A(0) ® R P) ® A(e) (P- 1 ® R A(0)) (A(0)^P)0 A(e) (A(0)^ R p- 1 ) 

A(0)^P^P" 1 
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= A(6), 

an isomorphism of A(0)-bimodules. Whence the isomorphic class of A(0) ®r P belongs 
to Pic(A(0)). We have then construct an element [P] =[0]=> [A(0) ®rP] of the group 
!P(A(0)/ R), where (j) is the obvious map 

(j) : P — > A(0) ® R P, (p^e® RP y 

where e G Unit{p}. It is clear that, for every x G G, the equality 4>(P)Q X = Q x (j){P) holds 
true in A(0) ® R P. Thus, [P] = M=> [A(0) ® R P] G O 5 2 (A(0)/i?)( 6 ) and 

s 2 ( [p] =M=> [A(e)® B p]) = [p]. 

This shows the inclusion Ker(§3) C Im(§2). 

Conversely, let [Q] G Im(S 2 ), that is, there exists an element [Q] = W>]=> [Y] G :P.z(A(0)/P) g . 
We need to compute the image §3([Q])- From the choice of [Q] we know that [Q] G Picz(R) 
and that, for every x G G, ip(Q)@ x = ©x^(Q) m the A(0)-bimodule Y. As in the proof of 
Lemma 14,11 the later means that, there are R- bilinear isomorphisms: 

fx - Q ®R 0z <3>x ®R Q, for every x G G, 
which convert commutative the following diagrams 




@x <8>R ®R Q 

Coming back to the image S3QQ]) := [A(r)], we know that for every x G G, we have T x = 
Q ®R 0z ®R Q — ©x, via the f x 's. The above commutative diagram shows that these 
isomorphisms are compatible with the factor maps 7£ y and F® y . Therefore, A(0) ^ A(T) 
as generalized crossed products, and so S3QQ]) = [A(0)] the neutral element of the group 

e (©/p). ' " □ 

4.3 Comparison with a previous alternative exact sequence. 

Let us assume here that : G A Aut(P) -> Pic(P), as in Example 12,31 We consider 
the extension R C RG, where S := RG = A(0) is the skew group ring of R by G- Thus 
©:(?—>• Iilvr(S) factors though out [i as in diagram (|17p . In what follows, we want to 
explain the relation between the five terms exact sequence given in [U Theorem 2.8], and the 
resulting one by combining Proposition 14.51 and Corollary 14. 3| that is the sequence 

1 H&g, U{Z)) V Z (A{Q)/R)e Pic z (Rf H 2 e {GM{Z)) = C o (0/P). 
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As we argued in Example 12, 3 1 the cohomology Hq(Q,U(Z)) coincides with that considered in 
|3]. Thus, following the notation of 0], the result |H Theorem 2.8] says that 



i — - H&g, u{z)) g-mc{R) 



is an exact sequence (of pointed sets). It is not difficult to see that the restriction of Q a 
to Pic^(i2)^ gives exactly S3. On the other hand, for any element [P] =[<£]=> [X] € 

5 > 2;(A(G)/ R)^ , we will define an object (P, r) where r : g — > Autz(P) (to the group of 
additive automorphisms of P) is a (/-homomorphism |H Definition 2.3]. As in the proof of 
Lemma f4.ll we know that there is a family of P-bilinear isomorphisms ] x : R x ®rP — > P®rR x , 
x £ g, so we define r by the following composition 



P 



R x 



>'R 



P 



P 



R x 



P x 



here P y denotes the P-bimodule constructed from P by twisting its right module structure 
using the automorphism y, and the same construction is used on the left. To check that r is 
a homomorphism of groups, one uses the equality 

}xy°(J^, v ®RP) = (P®RJ1>,y)°(jx®RR y )o(R x ® R } y ), forallx,ye£. 
Now, if we take another representative, that is, if we assume that 

[p]=m^[x] = [p')=w\^\x') G , p z {A(e)/R) s 1 

then, by the definition of the group 3 5 (A(G)/i?), see |9j Section 3], there are bilinear isomor- 
phisms / : P — > P' and g : X — > X' such that 




commutes. In this way we have also the following commutative diagram 

jx 



R x ®rP- 

R x ®f 

R x ®R P' 



-P® R R X 

f®R x 

P' ® R R x , 



which says that r' x o / = / o t x . This implies that [P, r] = [P',r'] in the group £/-Pic(P). 
We then have constructed a monomorphism of groups 'J } z(A(e)/R) g ->• g-Pic(R) such that 
the restriction of the map F a to 7 z{A{@) / R) g is exactly §2. We leave to the reader to check 
that we furthermore obtain a commutative diagram 



1 — - fl-i (g, u{z)) ? Z (A(@)/R)e Pic z (Rf Hl(gM(z)) 



S3 



1 — - H^(g, u(z)) g-Pic(p) Fg > Pic(p)^ H 2 e {g,u{z)). 
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4.4 The third exact sequence. 

We define the group 2(9/P) as the quotient group 



Pic z (R)W S(9/P) >2(9/P) -1, (25) 



where L is the map defined in Lemma 14,41 

The third exact sequence of groups is stated in the following 

Proposition 4.6. Let A(B) be a generalized crossed product of S with Q. Then there is an 
exact sequence of groups 

v\ Cz (Rf e (Q/R) n(e/R), 



where S3 and S4 are constructed from the sequence (I25p and the commutativity of the diagram 
stated in Lemma\4-4\ 



Proof. The inclusion Im(§3) C Ker(§4) is by construction trivial. Now, let [A(T)] G Co(9/P) 
such that S 4 ([A(r)j) = 1. By the definition of the group 2(9/72), there exists [P] G 
Picz(-R)^ such that £([P]) = [A(r)]. Therefore, we obtain a chain of P-bilinear iso- 
morphisms: 

@ x ^ T x ^ P ® R @ x ® R P~\ for all x G Q, 
which means that [P] G Pic z {R) 5 , and so [A(T)] = S 3 ([P]) which completes the proof. □ 

Remark 4.7. In the case of a unital commutative Galois extension ICR with a finite Galois 
group, see for instance [31 p. 396], and taking the extension PCS and 9 as in Remark 
12.131 The homomorphism §4 coincides, up to the isomorphism of Proposition 13.21 with the 
homomorphism of groups defined in [3j Theorem A 12, p. 406] and where the group 2(9/P) 
coincides with the Brauer group of the k-Azumaya algebras split by R. 

4.5 The fourth exact sequence. 

Consider the following subgroup of the Picard group Pic(P): 

Pic (P) = {[P] G Pic(P)| P ~ R, as bimodules} . 

As we have seen in Proposition II. 3| this is an abelian group. Clearly it inherits the (/-module 
structure of Pic(P): The action is given by 

X [P] = [e x ® R P® R @ x -i], for every x G Q. 

Lemma 4.8. Keep the above notations. Then the map 

e(e/R) c - ^z l (g,Pic (R)) 

[A(r)] 1 [x — > [r x ){@ x - 

defines a homomorphism of groups. Furthermore, there is an exact sequence of groups 

1 — - e (9/p) — - e(9/p) z 1 {g, Pic (P)). 
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Proof. The first claim is immediate from the definitions, as well as the inclusion Qq(Q/R) C 
Ker(C). Conversely, given an element [A(T)] G G(@/R) such that C([A(r)]) = 1. This 
implies that for every x G 0, there is an isomorphism of i?-bimodule T x <8>r® x -i = R. Hence, 
T x ^ Q x , for every x G Q, which means that [A(r)] G S (G/i?). □ 

We define another abelian group, which in the commutative Galois case |13j . coincides with 
the first cohomology group of Q with coefficients in Pico(-R). It is defined by the following 
commutative diagram 



PiczOR)(0> -ZH^Pico^)) 

C 



■H\g,Pic (R)) 



1 




e(G/i?) 

whose row is an exact sequence. Our fourth exact sequence is given by the following. 

Proposition 4.9. Let A(G) be a generalized crossed product of S with Q. Then there is an 
exact sequence of groups 

e (@/R) s(e/i?) n\g, Pi Co (i?)). 

Proof. First we need to define S5. We construct it as the map which completes the commuta- 
tivity of the diagram 



e (e/fl) 



e(Q/i?) 

c 



cS 4 



■ s(e/i2) 



Z 1 ^, Pico(fl)) H\g, Pico(i2)) ^ !. 

whose first row is exact. 

The fact that Im(§4) C Ker(Ss) is easily deduced from the previous diagram and Lemma 
1481 Conversely, let H = £ C ([A(T)]), for some [A(r)] G <2(&/R), be an element in S(G/i2) 
(here f c denotes the cokernel map of /), such that §s(H) = S 5 o £ C ([A(T)]) = 1. Then 

((L) c o C([A(r)]) = 1, which implies that C([A(T)]) G C (£{Pic z (R) {0) )\ ■ Therefore, there 

exists an element [P] G Pic z (R) {G) such that [A(r)]£([P])" 1 G Ker(C) = C (G/i?) by 
Lemma 14.81 Now, we have 



s 4 ([AirmiP])- 1 



S 4 ([A(r)]£([F- 1 ])^ 

^([Aim^Ldp- 1 }) 
£ C ([A(T)]) = 3, 



and this shows that H G Im(§4). 



□ 
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4.6 The fifth exact sequence and the main Theorem. 

Keep from Subsection 14.51 the definition of the group Pico(-R) with its structure of <5- module. 
Before stating the fifth sequence, we will need first to give a homomorphism of group from 
the group H {Q, Pico(-R)) to the third cohomology group Hq(Q,U(Z)). 

Given a normalized 1-cocycle g G Z 1 (Q,Picq(R)) and put g x = [V x ]. Then, for every 
pair of elements x,y G Q, one can easily shows that 

x g y [e x ] = [e x ]g y . (26) 

Now, for every x G Q, we set 

[U x ] := g x [O x ], in Pic(i?). 
By the cocycle condition, we obtain 

[f^ry] — 9xy [®xy\ 

= 9x X gy[&x][Qy} 

= gx[@x\g y [®y\ 

= [Ux][Uy]. 

This means that there are i?-bilinear isomorphisms 

H, y ■ U x ®R U y — > U xy , (27) 

with T\ x = id = J~ x i for every x G Q. By Proposition 12.51 we have a 3-cocycle in 
Zq(Q,U(Z)) attached to these maps J r £._, which we denote by a 9 _ . If there is an- 
other class [V x ] G Pic(i?) such that [V x ] = g x [Q x ], for every x G Q. Then the families 
of invertible i?-bimodules {V^} xg g and {U x } x ^g satisfy the conditions of Proposition 12.81 
Therefore, the associated 3-cocycles are cohomologous. This means that the correspondence 

g i — y [a 9 _ ] G Hq(Q,U(Z)) is a well defined map. Henceforth, we have a well defined 

homomorphism of groups 

Z\g,T>\ CQ (R)) & J^^H%{g,U{Z)) (28) 

g\ ^ [<-,-]• 

The proof of the fact that S13 is a multiplicative map uses Lemma ll.lf ii) and the twisted 
natural transformation of Proposition 11.31 Completes and detailed steps of this proof are 
omitted. 

Proposition 4.10. Let R C S be an extension of rings with the same set of local units, and 
A(0) a generalized crossed product of S with Q . Then the homomorphism of equation (|28p 
satisfies §13 o£ = [1], where £ is the homomorphism of Lemma \4-8\ Furthermore, there is a 
commutative diagram of groups 

Pic z (R)W (C ° £) » Z\g,Pico(R)) ^H\g, Pic (/2)) 1 

§13 

^ ^ §6 

with exact row. 
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Proof. We need to check that §i 3 o C([A(r)]) = [1], for any element [A(T)] G G(@/R). Set 
/ = £([A(r)]), so we have ^[Qj,] = \T X ], for every x G £?. Thus, the corresponding maps 
J 7 ^ _ of equation (|27p. are exactly given by the factors maps J-"£ _ of A(r) relative to T. They 
define an associative multiplication on A(r), and so induce a trivial 3-cocycle, which means 
that §13(7) = [1]. The last statement is now clear. 

At this level we are ending up with the following commutative diagram 

S3 



□ 



■PiC2(/2)«» 



e (e/i?) 



S4 



(Co£) 



— >• e(e/i?) — 

c 

z\g,Pic (R)) 



H%{GM{Z)) 



(C°£) c 



§6 



S(9/i?) 



■fT^a.Pico^)) 



Proposition 4.11. Lei A(O) 6e a generalized crossed product of S with Q. Then there is an 
exact sequence of groups 



BCe/aj-^lr^.PicoCfl)) — 



ffg@,woz)). 



Proof. It is clear from the above diagram that Im(§5) C Ker(Sg) since by Proposition 14,101 

§13 C = [!]• Conversely, let us consider a class [h] G i? (£7, Pico(-R)) such that Sg([/i]) = 1, 
for some element h G Z 1 (Q,P'icq(R)). By the same diagram, we also have that the class 
S 13 (/i) = [1] G Hl{G,U{Z)). This says that S 13 (/i) = for some /3 G B%(G,U(Z)), and so 
there exists a : £/ X £/ — >• U(Z) such that 



-1 -1 

'a:,yz u y,z^ x ,y a xy,zi 



$x,y,z 

for every x,y,,z G £?. Now, for each x G Q, we put /i x [© x ] = [Cl x ], an d consider J 7 ^ 
associated family of maps as in equation (j27|) . : <S)r — > ^x?/> where x,y G ! 

definition the /3 's satisfy 



fix,y,z ° -Fx,yz ° ("^"ar,]/ 



for every x,y, , z G Q. In this way, there are factor maps F^} _ relative to Cl, defined by 

Cl x ®R Cly 



T-fi 

x ,y 



"XV 



yh 



where e G Unit{u} x , U) y }. A routine computation shows that A(fi) is actually a generalized 
crossed product of S with Q with factor maps J^} _ relative to Cl. 

On the other hand, since for each x G G, h x G Pico(-R), we have Cl x ~ ® x . Thus 
[A(fi)] G 6(6/7?) with C([A(J2)]) = h. Whence 



(C£) c (h) = [h] = (C£) c oC([A(0)]) = S 5 (£ c ([A(tt)])), 
which implies that [h] G 101(85), and this completes the proof. 



□ 



28 



The following diagram summarizes the information we have show so far. 



H&GMW) ?z(A/R) — ^ Pic z (R)G — ^ H&QM(Z)) 

Pic 2 (i?)^) — £ — ^ e(e//2) — - B(e//2) 

§13 

We are now in position to announce our main result. 

Theorem 4.12. Lei R Q S be an extension of rings with the same set of local units, and 
A(0) a generalized crossed product of S with a group Q. Then there is an exact sequence of 
groups 

i — »- H&(g, u{z)) 9 Z {A/R) e — ^ Pic z (Rf — Hl{g,u(z)) s(e/ij) 

Proof. This is a direct consequence of Corollary 14 . 31 and Propositions 14. 5H4.6H4.9l and 14. Ill □ 
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